
Thin-Walled Structures 100 (2016) 38–47
Contents lists available at ScienceDirect
Thin-Walled Structures
http://d
0263-82

n Corr
E-m
journal homepage: www.elsevier.com/locate/tws
Full length article
Quasi-static axial crushing of thin-walled tubes with a kite-shape rigid
origami pattern: Numerical simulation

Jiayao Ma a,b, Degao Hou a, Yan Chen a,n, Zhong You b

a School of Mechanical Engineering, Tianjin University, Tianjin 300072, China
b Department of Engineering Science, University of Oxford, Parks Road, Oxford OX1 3PJ, UK
a r t i c l e i n f o

Article history:
Received 26 July 2015
Received in revised form
19 November 2015
Accepted 23 November 2015
Available online 10 December 2015

Keywords:
Thin-walled tubes
Rigid origami pattern
Axial crushing
Energy absorption
x.doi.org/10.1016/j.tws.2015.11.023
31/& 2015 Elsevier Ltd. All rights reserved.

esponding author.
ail address: yan_chen@tju.edu.cn (Y. Chen).
a b s t r a c t

This paper presents a novel thin-walled tube design with a pre-folded kite-shape rigid origami pattern as
an energy absorption device. Numerical simulation of the quasi-static axial crushing of the new device
shows that a smooth and high reaction force curve can be achieved in comparison with those of con-
ventional square tubes, with an increase of 29.2% in specific energy absorption and a reduction of 56.5%
in initial peak force being obtained in the optimum case. A theoretical study of the energy absorption of
the new device has also been conducted, which matches reasonably well with the numerical results.

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Thin-walled energy absorption devices have been widely used
in transportation vehicles accompanying the rapid development of
modern transportation industry which results in increasingly rig-
orous safety standards on vehicle structural crashworthiness and
impact protection. They are designed to irreversibly convert ki-
netic energy into material plastic energy during impact accidents,
so as to protect the costly structures and people inside. Among all
the structural forms, thin-walled tubes are widely adopted in the
design of energy absorption devices because they show excellent
performance under axial loading in terms of weight efficiency,
stroke distance and total energy absorption [1].

The axial crushing behaviors of thin-walled tubes have been
extensively studied by researchers. It has been found that tube
geometry has pivotal effects on the collapse mode, and corre-
sponding energy absorption properties, of a tube. Circular tubes
could be crushed in a ring mode [2], a diamond mode [3–5] or a
mixed mode [6,7], mainly depending on tube diameter D to wall
thickness t ratio, D/t. Similarly, four collapse modes, i.e., symmetric
or inextensional mode, extensional mode and mixed modes A and
B [8,9], could be obtained in square tubes by varying tube width b
to wall thickness t ratio, b/t. Regarding theoretical work, a math-
ematical model of circular tubes collapsing in the ring mode was
first proposed by Alexander [10] to calculate the mean crushing
force, which was further modified by Abramowicz [11] and
Wierzbicki et al. [12]. For square tubes, an theoretical expression of
the mean crushing force for a tube collapsing in the symmetric
mode were derived by Wierzbicki and Abramowicz [13], and
Abramowicz and Jones [8,9], and that for a tube collapsing in the
extensional mode by Abramowicz and Jones [8].

Despite the desirable features demonstrated by thin-walled
tubes as energy absorption devices, they also have the dis-
advantage that the crushing force is not uniform during the de-
formation process, especially with the existence of a high initial
peak force and subsequent fluctuation. Introducing corrugation on
the surface of circular tubes could generate a lower initial peak
force and a more uniform crushing process, with the side effect of
reduced total energy absorption [14]. Zhang et al. [15] numerically
studied the crushing of two square tube designs with pyramid
patterns, and reported energy absorption improvements by 15–
33% and 54–93%, respectively. However, experimental results re-
vealed that tubes with the pyramid patterns were imperfection
sensitive and thus the desired mode was difficult to be induced
[16].

Recently, the application of origami patterns on tubular struc-
tures has received increasing attention. It has been found that, if
the surface of a tube is pre-folded according to an origami pattern,
the collapse mode of the tube can be altered, leading to changes in
energy absorption performance. Ma and You [17] proposed a new
device, referred to as the origami crash box, which was made
through pre-folding the surface of a square tube according to a
specially designed origami pattern. Both a reduction of over 20% in
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initial peak force and an increase of over 50% in energy absorption
were achieved in one design. Song et al. [18] applied a kind of
origami pattern on square tubes to minimize the initial peak force.
Their study showed that the patterned tubes exhibited a lower
initial peak force and a more uniform crushing load compared to
those for conventional square tubes, while no total energy ab-
sorption gain was achieved.

In this paper, a new type of thin-walled tube which has a kite-
shape rigid origami pattern pre-folded on its surface [19] is pro-
posed as a potential energy absorption device. The pattern is
constructed by joining two pieces of the well-known Miura-Ori
pattern [20]. The performance of the new device subjected to axial
crushing is studied numerically and theoretically. The layout of the
paper is as follows. Section 2 gives a detailed geometrical analysis
of the new origami tube. Numerical simulation results of the
quasi-static axial crushing of the new tube are presented and
discussed in Section 3. A theoretical investigation of the collapse
mode and energy absorption of the new tube is conducted in
Section 4. Finally is the conclusion in Section 5, which ends the
paper.
2. Tube geometry

The kite-shape rigid origami pattern that is pre-folded on the
surface of the new tube consists of two elements designated as P1
and P2 shown in Fig. 1(a–b), each of which is composed of a single
vertex with four congruent parallelograms. Note that the solid
lines represent hill fold lines and the dashed ones represent valley
fold lines in the figures. Folding P1 and P2 along the fold lines and
joining free edges A1D1 and A2D2, D1G1 and D2G2, C1F1 and C2F2,
and F1I1 and F2I2, an origami tube shown Fig. 1(c) is obtained. The
tube constructed this way satisfies the condition of rigid folding,
and thus is rigidly foldable with only one degree of freedom (DOF)
[19]. Moreover, what is presented in Fig. 1(c) can be seen as a
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Fig. 1. (a) Element P1 of the kite-shape pattern, (b) element P2 of the kite-sha
single unit, and a tube with multiple units can be obtained by
stacking them axially. In this case, all of the units in a tube must be
folded simultaneously in order for the condition of rigid folding to
be satisfied.

The geometry of the pattern can be parameterized in the fol-
lowing way. Element P1 in the flat configuration can be described
by side lengths a1, c1, and angle γ1, as shown in Fig. 1(a), and l1 is
related to a1 and γ1 through the following equation

γ= ( )l a sin 11 1 1

Similarly, side lengths a2, c2, and angle γ2 define the geometry
of element P2 in the flat configuration as shown in Fig. 1(b), and
the following equation applies

γ= ( )l a sin 22 2 2

To join P1 and P2 to form a unit of an origami tube, the fol-
lowing geometrical relationship should be satisfied

= ( )a a 32 1

In addition, the pre-folding angle of P1, i.e., the dihedral angle
between face A1B1E1D1 and face D1E1H1G1, θ1, the pre-folding
angle of P2, i.e., the dihedral angle between face A1B2E2D1 and face
D1E2H2G1, θ2, the angle between lines E1F1 and D1F1, ψ1, the angle
between lines E2F1 and D1F1, ψ2, and the angle between lines A1D1

and F1D1, ξ, can be calculated through the following equations

ψ γ θ= ( ) ( )tan tan cos /2 41 1 1

ψ γ θ= ( ) ( )tan tan cos /2 52 2 2

ψ ψ= ( )c ccos cos 62 2 1 1
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pe pattern, and (c) a unit of an origami tube with the kite-shape pattern.
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γ θ ξ( ) = ( )sin sin /2 sin 81 1

And the height of the unit, h, is

θ= ( ) ( )h l2 sin /2 91 1

Of all the parameters, only five independent ones are needed to
completely define the geometry of the pattern: side lengths c1 and
c2, unit height h, pre-folding angle θ1 and angle ψ1. All the others
can then be determined by Eqs. (1–9). Another geometrical para-
meter to define an origami tube of multiple units is the number of
units in the axial direction, M. Therefore the total number of in-
dependent parameters is six.
3. Numerical simulation

3.1. Finite element modeling

One conventional square tube and fourteen origami ones were
built numerically. The geometrical parameters of the conventional
square tube, SQU, were tube width b¼60 mm, height H¼120 mm
and wall thickness t¼1 mm. All of the origami tubes had c1
¼60 mm, c2¼50 mm, ψ1¼45°, and identical H and t with those of
SQU. The values of c1 and c2 were so selected as to make the
weights of the origami tubes close to that of SQU and eliminate
interference of corner area deformation which was previously
found to reduce energy absorption capability [21]. Parameters M
and θ1, on the other hand, were varied systematically to in-
vestigate the effects of tube geometry on the collapse mode and
energy absorption performances. The unit height h of each origami
tube was determined from Mh¼H. The geometries of all the tubes
are summarized in Table 1. The notation K–M–θ1 is adopted, in
which K is short for kite-shape pattern, M is the number of units,
and θ1 is the pre-folding angle.

Commercial FEA software package Abaqus/Explicit was applied
for the numerical simulation. Since the new origami tubes studied
here are structurally comparable to the origami crash box [17], the
numerical modeling approach, which has been validated by the
experiments of the origami crash box, was adopted to study the
performances of the new origami tubes. The details are as follows.
Each tube was mainly meshed with quadrilateral shell elements
S4R, with only a few triangular ones being used to avoid excessive
distortion. The axial crushing process was modeled as a tube
standing on a stationary rigid panel and a mobile rigid panel
moving downward to crush it. No constraint was applied to the
tube. All the DOFs of the stationary rigid panel were fixed, whereas
only the translational one of the mobile panel in the axial direction
Table 1
Geometrical parameters and numerical results of the tubes.

Model h (mm) θ1 (°) M Pmax (kN) Pmax reduction

SQU – – – 34.95 –

K-2-120 60 120 2 4.18 88.0%
K-2-130 60 130 2 6.02 82.8%
K-2-140 60 140 2 8.57 75.5%
K-2-150 60 150 2 11.65 66.7%
K-3-120 40 120 3 5.19 85.2%
K-4-120 30 120 4 6.16 82.4%
K-4-156 30 156 4 15.87 54.6%
K-4-160 30 160 4 16.93 51.6%
K-4-164 30 164 4 17.55 49.8%
K-4-168 30 168 4 20.17 42.3%
K-5-120 24 120 5 7.291 79.1%
K-5-156 24 156 5 15.20 56.5%
K-5-160 24 160 5 16.68 52.3%
K-6-156 20 156 6 16.11 53.9%
of the tube was free of constraint. Prescribed displacement of
δ¼0.73H [18] was assigned to the free translational DOF of the
mobile rigid panel to control the crushing distance. Self-contact
was employed to model the contact among different parts of the
tube and surface to surface contact was defined between the tube
and each rigid panel. Friction was taken into consideration and the
friction coefficient was taken as 0.3.

The material adopted was mild steel with the following me-
chanical properties [22] : density ρ¼7800 kg/m3, Young’s mod-
ulus E¼210 GPa, Poisson’s Ratio ν¼0.3, yield stress sy¼200 MPa,
tensile strength su¼400 MPa, and ultimate strain εu¼20%. The
strain hardening effect was approximated by power law hardening
model with the strain hardening exponent n¼0.34. No material
strain rate effect was considered. Convergence tests in terms of
mesh density and analysis time were also conducted, from which
an element size of 1 mm and a crushing time of 0.075 s were
determined suitable and adopted in the analysis.

The initial peak force, Pmax , and the numerical value of the
mean crushing force, Pm

n , of each tube were generated from the
simulation results. Pm

n was calculated through the following
equation

∫
δ

=
( )

( )

δ

P
P x

10m
n 0

Furthermore, considering that the weights of the tubes are not
identical due to varying pattern geometries, Pm

n cannot be directly
used to compare their energy absorption capabilities. Therefore
the specific energy absorption, SEA, defined as the energy ab-
sorption per unit mass, was also calculated for each tube [1]. All of
the numerical data are listed in Table 1. Note that in the column
“pattern following” of the table, “Y” means the pattern is followed,
and “N” means the pattern is not followed.

3.2. Conventional square tube

The conventional square tube SQU is studied to set a bench-
mark to evaluate the energy absorption properties of the new
origami tubes. The crushing process of SQU and the von Mises
contour at the end of crushing, which is depicted on the un-
deformed shape for clarity, are presented in Fig. 2(a). It can be seen
that SQU collapses in the symmetric mode, with the formation of
both horizontal stationary plastic hinges and inclined traveling
plastic hinges. Moreover, the stress contour indicates that large
plastic deformation occurs in the neighborhood of those plastic
hinges. The Pmax and SEA of SQU are found to be 34.95 kN and
4.48 kJ/kg, respectively, as listed in Table 1.
Pm
n (kN) SEA (kJ/kg) SEA increase Following pattern

11.55 4.48 – –

2.12 0.80 �82.1% Y
2.44 0.99 �78.6% Y
2.97 1.20 �73.2% Y
4.84 1.95 �56.4% N
3.34 0.88 �80.3% Y
4.78 1.81 �59.7% Y
11.57 4.83 þ7.8% Y
12.25 5.16 þ15.2% Y
12.59 5.30 þ18.4% Y
13.27 5.62 þ25.4% N
6.46 2.44 �45.5% Y

13.86 5.78 þ29.2% Y
13.99 5.89 þ31.6% N
14.72 6.14 þ37.1% N



Fig. 2. Crushing processes of (a) SQU, (b) k-2-120, (c) k-2-140, (d) k-2-150, (e) k-4-120, and (f) k-5-120.
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3.3. Origami tubes with the kite-shape pattern

The crushing process of origami tube K-2-120 is first shown in
Fig. 2(b) as a representative. It can be seen that K-2-120 collapses
following the pre-folded origami pattern, and stationary plastic
hinges are formed along the fold lines of the pattern. Moreover,
both units of the tube are folded simultaneously until it is com-
pletely crushed, indicating that the condition of rigid folding is
satisfied. The von Mises stress contour shows that large plastic
deformation is confined in the slim strips along the fold lines of
the pattern, whereas the panels undergo very small deformation.
This collapse mode is hereafter referred to as the rigid complying
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mode in which both the pattern is followed and all of the units are
folded simultaneously.

Tubes K-2-130, K-2-140, and K-2-150, which have the same M
with that of K-2-120 but increasing θ1, are then analyzed to study
the effects of pre-folding angle. K-2-130 is found to collapse in a
way similar to that of K-2-120, but the folding of the units becomes
less simultaneous. As θ1 is further increased to 140°, it can be seen
from the crushing process of K-2-140 in Fig. 2(c) that the top half
of the top unit and the low half of the low unit enclosed in the
ellipses are obviously folded before the rest of the tube, resulting
in the violation of the condition of rigid folding. Further increase in
θ1 to 150° cause large panel distortion at one corner in the middle
of K-2-150 in Fig. 2(d), which is highlighted by the ellipses, thereby
driving the deformation of the tube away from the route pre-
scribed by the pattern. The von Mises stress contours of K-2-140
and K-4-150 show that the more severe the deviation of the de-
formation from the rigid complying mode, the larger the plastic
deformation zones that are developed during the crushing
process.

The force vs displacement curves of the three tubes together
with that of K-2-120 are plotted in Fig. 3(a). It can be seen that the
curves of K-2-120, K-2-130, and K-2-140 are similar in shape, with
the difference that the initial peak force rises with the increase in
θ1. The curve of K-2-150, however, is significantly raised in com-
parison with the others. Moreover, an obvious secondary peak is
observed at the late stage of the crushing. The numerical data of
the tubes presented in Table 1 shows that both Pmax and SEA in-
crease with θ1, but are much smaller than those of SQU,
respectively.

Subsequently tubes K-3-120, K-4-120, and K-5-120 with iden-
tical θ1 to that of K-2-120 but varying M, are analyzed to in-
vestigate the effects of the number of units. Similar to the group
with varying θ1, it is found that with the increase in M, the folding
of the units becomes less synchronized. For instance, the top and
bottom units of K-4-120 shown in Fig. 2(e) are folded ahead of the
other two, resulting in violation of the condition of rigid folding.
The synchronization of the deformation of the units is even less in
K-5-120 presented in Fig. 2(f). But different from the group with
varying θ1, no obvious pattern unfollowing as seen in K-2-150 is
observed. Moreover, it is seen from the von Mises contours of K-4-
120 and K-5-120 that large plastic deformation zones are still de-
veloped along the fold lines of the pattern, but become wider as M
increases.

The force vs displacement curves of the three tubes together
with that of K-2-120 are plotted in Fig. 3(b) and the numerical data
are listed in Table 1. The curves of the four tubes are found to have
a similar shape, and the curve is raised as M increases. Again, both
Pmax and SEA increase with M, but are quite small in comparison
with those of SQU, respectively.
K-2-140K-2-120
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and increasing M.
It can be seen from the analysis above that, first of all, the rigid
complying mode can only be induced at a small pre-folding angle
and a small number of units, and the deformation of the units in
an origami tube becomes less synchronized with the increase in
pre-folding angle and/or number of units. And secondly, although
the introduction of origami pattern greatly reduces the initial peak
force of the resulting origami tubes, their energy absorption effi-
ciency is much lower than that of conventional square tubes. This
result indicates that geometry optimization is required to achieve
a significant improvement in energy absorption.

3.4. Geometry optimization

It has been shown from the results presented above that the
origami tubes have significantly lower initial peak forces but are
less efficient in terms of energy absorption. Therefore a key task is
to optimize pattern geometry for maximum energy absorption.
Seven origami tubes, in which θ1 ranges from 156° to 168° and M
from 4 to 6, are analyzed to investigated the effects of θ1 and M
and the optimum design.

Let us start with the collapse modes of the origami tubes. Four
tubes, K-4-156 to K-4-168, with M ¼ 4 but increasing θ1 are first
looked into. The axial crushing process of K-4-156 is shown in
Fig. 4(a). It is clear from the figure that K-4-156 deforms in a way
significantly different from the rigid complying mode. First of all,
the pattern still directs the deformation of the tube, but the units
in the tube are folded progressively from top to bottom instead of
simultaneously, thereby breaking the condition of rigid folding.
Secondly, the geometrical incompatibility in the tube caused by
violation of the condition of rigid folding is accommodated by two
deformation mechanisms, traveling plastic hinges and in-plane
distortion. Traveling plastic hinges are formed at the corners cre-
ated by the inclined fold lines in elements P1 and P2. For instance,
at the corner enclosed in the red ellipse, a pair of traveling plastic
hinges move to the new position highlighted by the white lines
from their initial position along the black fold lines. In addition, in-
plane distortion occurs at those corners where elements P1 and P2
are joined, such as those enclosed in the blue ellipses. The change
in deformation mechanism is also reflected on the von Mises
contour of the tube. The contour shows that large plastic de-
formation zones are no longer restricted in the slim strips along
the fold lines of the pattern, but extends to large areas at the
corners of the tube, which transpires by comparing this contour
with that of K-4-120 in Fig. 3(e). This collapse mode is hereafter
referred to as the non-rigid complying mode, in which the tube is
crushed following the route prescribed by the pattern, and tra-
veling plastic hinges and in-plane distortion are generated to ac-
commodate the geometrical incompatibility caused by violation of
the condition of rigid folding. Recall that traveling plastic hinge
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Fig. 4. Crushing processes of (a) k-4-156, and (b) k-4-168.

Fig. 5. Crushed configurations of (a) k-4-160, (b) k-4-164, (c) k-5-156, (d) k-5-160, and (e) k-6-156.
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lines and in-plane distortion are respectively formed in the sym-
metric mode and extensional mode for square tubes [8], and hence
the non-rigid complying mode can also be seen as a mixture of the
two modes for square tubes. Numerical simulation results show
that K-4-160 and K-4-164 in Fig. 5(a–b), also collapse in the non-
rigid complying mode. When θ1 increases to 168°, however, it is
observed from K-4-168 in Fig. 4(b) that the third unit from top to
bottom deviates from the prescribed deformation route by form-
ing a pair of hinges highlighted by the white lines which are not
seen in the other units, resulting in the pattern not being followed.
This mode is named the non-complying mode. Similar phenomena
is also observed in the case of M¼5 and θ1 from 156° to 160°. It is
found that K-5-156 shown in Fig. 5(c) follows the pattern, whereas
K-5-160 shown in Fig. 5(d) no longer does. When M increases to 6,
the non-complying mode appears even at θ1¼156°, see K-6-156 in
Fig. 5(e).

Two observations can be made from the results presented
above. First, for origami tubes with identical M, the non-rigid
complying mode is usually triggered when θ1 is relatively small,
and then ceases to appear as θ1 surpasses a critical value where
the non-complying mode shows up, see the transitions from K-4-
164 to K-4-168, and from K-5-156 to K-5-160. Second, the critical
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Fig. 6. Force vs. displacement curves of (a) k-4-156,
value of θ1 becomes smaller as M increases. Therefore it can be
concluded that a small pre-folding angle and a small number of
units help trigger the non-rigid complying mode.

Now let us focus on the energy absorption properties of the
origami tubes. The force vs displacement curves of tubes K-4-156
to K-4-168 are plotted in Fig. 6(a). The curves of K-4-156, K-4-160,
and K-4-164, all of which collapse in the non-rigid complying
mode, are similar in shape but different in that the initial peak and
curve fluctuation is higher with the increase in θ1. The curve of K-
4-168 which collapses in the non-complying mode, on the other
hand, shows not only the largest initial peak and curve fluctuation
but also a steep rise near the end of the crushing. The numerical
data of all the seven tubes are summarized in Table 1. It can be
clearly seen that, first, when M is kept unchanged, increasing θ1
leads to increase in both Pmax and SEA; and second, when θ1 is
identical, both Pmax and SEA increases with the increase in M.
Therefore increasing the pre-folding angle and the number of units
in an origami tube leads to high energy absorption. However, the
non-rigid complying mode needs to be guaranteed in the selection
of geometrical parameters, as this mode is predictable and reliable,
both of which are desired for an energy absorption device.

In the optimal case, K-5-156, the Pmax is reduced by 56.5%
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whereas the SEA is increased by 29.2% in comparison with those of
SQU, respectively. Moreover, the force vs displacement curves of
the two plotted in Fig. 6(b) clearly show that the curve of K-5-156
is very smooth in comparison with that of SQU, which is another
important feature for the origami tube and is highly advantageous
for an energy absorption device. Thus it can be concluded that the
kite-shape pattern is successful in creating an energy absorption
device with high energy absorption efficiency, low initial peak
force, and a smooth response curve.
Table 2
Comparison of numerical values and theoretical values of the mean crushing force
for the rigid complying mode.

Model Pm
n (kN) Pm

t1 (kN) −P P P/m
t1

m
n

m
n (%)

K-2-120 2.12 1.69 20.3
K-2-130 2.44 1.74 28.7
K-2-140 2.97 1.79 39.7
K-3-120 3.32 2.36 28.9
K-4-120 4.78 3.03 36.6
K-5-120 6.46 3.71 42.6
4. Theoretical analysis

From the viewpoint of design, it would be desirable to have a
simple mathematical formula to estimate the energy absorption of
an origami tube with specified geometry and material, or to
roughly determine the geometry of a tube if the material used to
construct the tube is chosen and the energy required to be ab-
sorbed is known. To this end, a theoretical analysis on the crushing
of the new origami tube is conducted to derive the mean crushing
forces for the rigid complying mode and non-rigid complying
mode, respectively. The analysis follows a three-step procedure.
First of all, a basic folding element which captures the main fea-
tures of the crushing of the tube is established. Subsequently the
sources of energy dissipation in the basic folding element are
identified and the energy absorption from each source is calcu-
lated. Finally the balance between external work done by the axial
force and internal energy dissipated in the basic folding element is
applied and the mean crushing force is obtained by dividing the
total energy dissipation by the final crushing distance. In addition,
to simplify the analysis, the material is assumed to be rigid-per-
fectly plastic with a suitably chosen plastic flow stress to take
strain hardening into consideration [13].

4.1. Rigid complying mode

For those origami tubes collapsing in the rigid complying
mode, the numerical results previously presented show that
plastic deformation is concentrated in the slim strips along the
fold lines of the pattern whereas the panels are subjected to very
small deformation. In this case it can be assumed that the panels
remain rigid during crushing while deformation takes place only
along the fold lines in terms of bending [23]. Then the only source
of internal energy dissipation comes from bending of the fold
lines, and the theoretical value of the mean crushing force for the
rigid complying mode,Pm

t1, can be obtained as follows:

∑δ θ⋅ = ⋅Δ ( )P M L 11i im
t1

p

in which Li and Δθi are the length and change in fold angle of a
fold line i, respectively, Mp is the full bending moment per unit
length, and σ0 is the effective plastic flow stress [24]

σ= ( )M t
1
4 12p 0

2

σ
σ σ

=
+ ( )n1 130
y u

Now first consider one unit of the origami pattern shown in Fig. 1
(c). The fold lines can be categorized into seven groups based on that
the changes in fold angle of the fold lines in each group are identical:
horizontal lines A1B1, B1C1, G1H1 and H1I1 as group I, horizontal lines
D1E1 and E1F1 as group II, horizontal lines A1B2, B2C1, G1H2 and H2I1 as
group III, horizontal lines D1E2 and E2F1 as group IV, oblique lines B1E1
and E1H1 as group V, oblique lines B2E2 and E2H2 as group VI, and the
rest A1D1, D1G1, C1F1, and F1I1 as group VII.
The total lengths of the fold lines in the seven groups, LI–LVII,
can be easily worked out as 4c1, 2c1, 4c2, 2c2, 2a1, 2a1, and 4a1,
respectively. And the changes in fold angle of the fold lines in
groups I–IV, ΔθI–ΔθIV, are θ1/2, θ1, θ2/2, and θ2, respectively.

The change in fold angle of the fold lines in groups V, ΔθV,
which is identical to the dihedral angle of panel A1B1E1D1 and
panel B1E1F1C1, can be obtained through the following equation

π ψ γ θ γ( − ) = Δ − ( )cos 2 sin cos cos 141
2

1 V
2

1

Similarly, the change in fold angle of the fold lines in groups VI,
ΔθVI, is

π ψ γ θ γ( − ) = ∆ − ( )cos 2 sin cos cos 152
2

2 VI
2

2

Finally, the change in fold angle of the fold lines in groups VII,
ΔθVII , is

θ π η ηΔ = − − ( )16VII 1 2

in which η1 is the dihedral angles of panel E1H1I1F1 and plane
A1G1I1C1, and η2 is the dihedral angles of panel E2H2I1F1 and plane
A1G1I1C1, and they can be calculated from the following geome-
trical relationship

ψ γ η γ= + ( )cos 2 sin cos 2 cos 171
2

1 1
2

1

ψ γ η γ= + ( )cos 2 sin cos 2 cos 182
2

2 2
2

2

For an origami tube of M units which has top and bottom ends
free of constraint and is crushed by a distance of 0.73H, Pm

t1 can be
derived from Eq. (11) as

θ θ θ θ

π η η

= [( − )( + ) + (Δ + Δ )

+ ( − − )] ( )

P M M c c Ma

Ma H

4 2 2

4 /0.73 19

m
t1

p 1 1 2 2 1 V VI

1 1 2

The theoretical values, Pm
t1, calculated from Eq. (19) and the

numerical values, Pm
n , obtained from simulation, of tubes K-2-120,

K-2-130, K-2-140, K-3-120, K-4-120, and K-5-120, in all of which the
pattern is followed, are listed in Table 2. It can be seen that, first of
all, the theoretical approach tends to underestimate the energy
absorption of the tubes. For instance, the Pm

t1 of K-2-120, in which
two units are folded simultaneously to satisfy the condition of
rigid folding, is 20.3% low that its Pm

n . This is probably due to that
some other sources of energy dissipation, such as the vertices
where stress concentration occurs [23], are not accounted for in
the theoretical model. Secondly, when M is fixed to 2, the differ-
ence between Pm

t1 and Pm
n becomes larger with the increase in θ1.

Recall from the results in Section 3.3 that the larger θ1, the less
synchronized the folding of the units. As a result, the plastic de-
formation zones extend from the slim strips along the fold lines to
accommodate the geometrical incompatibility, causing higher
energy absorption. This explains why the difference grows bigger
with the increase in θ1. And finally, for a similar reason, when θ1 is
fixed to 120°, the difference between Pm

t1 and Pm
n increases with the

increase in M.
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Fig. 7. (a) Division of a unit, (b) geometry and deformation areas of basic folding
element I, (c) geometry and deformation areas of basic folding element II,
(d) geometry and deformation areas of basic folding element III, and (e) geometry
and deformation areas of basic folding element IV.

J. Ma et al. / Thin-Walled Structures 100 (2016) 38–47 45
4.2. Non-rigid complying mode

It has been mentioned previously that for the non-rigid com-
plying mode which appears in origami tubes k-4-156, k-4-160, k-4-
164, and k-5-156, large plastic deformation is no longer con-
centrated along the fold lines, and traveling plastic hinges as well
as in-plane distortion occur. Still consider only one unit of an or-
igami tube, and divide it into four basic folding elements num-
bered I, II, III, and IV, as shown in Fig. 7(a). The energy absorption
in each basic folding element will be calculated in the following
analysis.

4.2.1. Basic folding elements I and II
The geometry of element I is presented in Fig. 7(b). Numerical

simulation shows that traveling plastic hinges are formed at the
corner area, so it can be viewed as a superfolding element with a
pre-folding angle θ1 and a pre-determined height h. It is known
from the superfolding element theory [13] that a realistic model of
element I also shown in Fig. 7(a), in which the finite width of
hinges is considered, consists of horizontal stationary plastic hin-
ges (area 1), inclined traveling plastic hinges (area 2), and a tor-
oidal surface (area 3). The energy dissipated by the traveling
plastic hinges, E2, and by the toroidal surface, E3, can be respec-
tively calculated as

∫ψ
α
γ

α ψ θ= = ( )
( )

π θ

π

−E M
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in which r1 is the radius of the toroidal surface, and angles α1

and β1 satisfy the following geometrical relationship
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Applying the same approach to element II depicted in Fig. 7(c),
the following equations can be worked out to calculate the energy
dissipated by the traveling plastic hinges (area 4), E4, and by the
toroidal surface (area 5), E5,
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in which r2 is the radius of the toroidal surface, and angles α2

and β2 satisfy the following geometrical relationship

β α
ψ

=
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tan
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sin 252

2

2

4.2.2. Basic folding elements III and IV
The geometry of basic folding element III is shown in Fig. 7(d).

It can be viewed as a pre-folded extensional folding element.
Previous theoretical study found that the energy is dissipated
through bending of the horizontal stationary plastic hinges (area
1) and panel in-plane distortion (area 6) [25]. The energy dis-
sipated by panel in-plane distortion, E6, can be calculated as



Table 3
Comparison of numerical values and theoretical values of the mean crushing force
for the non-rigid complying mode.

Model Pm
n (kN) Pm

t2 (kN) φ1 (deg) φ2 (deg) Modified

Pm
t2 (kN)

Modified

−P P P/m
t2

m
n

m
n

(%)

K-4-156 11.57 19.84 68 58 11.67 0.8
K-4-160 12.25 20.24 66 55 12.75 4.1
K-4-164 12.59 20.66 67 56 12.93 2.7
K-5-156 13.86 17.88 60 47 13.35 3.7
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Besides, the energy dissipated by the inclined stationary plastic
hinges (area 7), E7, can be simply calculated as

∫ ∫η η π η η= + = ( − − )
( )η
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η
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2
p 1 2 p 1 1 2
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Element IV shown in Fig. 7(e) can also be treated in a similar
way with element III. And the following equations can be used to
calculated the energy dissipations of panel in-plane distortion
(area 8), E8, and of inclined stationary plastic hinges (area 9), E9,
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Finally, the energy dissipation of all the horizontal stationary
plastic hinges, E1, is obtained as

∫ ∫α α θ θ= + = +
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4.2.3. Theoretical mean crushing force
For an origami tube with M units and free top and bottom ends,

the total internal energy dissipation, Etotal, is

= ( − ) + ( + + + + + + + ) ( )E M E M E E E E E E E E2 1 31total 1 2 3 4 5 6 7 8 9

And the external work done by the axial force to crush the tube,
W, is

= ⋅ ( )W P H0.73 32m
t2

in which Pm
t2 is the theoretical mean crushing force for the non-

rigid complying mode.
Applying energy balance between external work and internal

energy dissipation,

⋅ = ( − ) + ( + + + + + +

+ ) ( )
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Substituting Eqs. (20)–(30) into Eq. (33), all of the geometrical
parameters involved can be obtained from Eqs. (3)–(9) and (17)–
(18) except for r1 and r2 which can be determined from
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t2 is finally derived as
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The numerical values, Pm
n , and theoretical values, Pm

t2, of origami
tubes k-4-156, k-4-160, k-4-164, and k-5-156, all of which collapse
in the non-rigid complying mode, are summarized in Table 3. It
can be found that the theoretical results are much larger than the
numerical ones, indicating that the internal energy dissipation is
overestimated in the theoretical analysis. A close examination of
the crushing process of the origami tubes reveals that the in-plane
distortion observed from the numerical analysis is much smaller
than that considered in the theoretical analysis. The plastic
equivalent strain (PEEQ) contour of k-4-156 in the crushed con-
figuration but depicted on the undeformed shape, is presented in
Fig. 8 as an instance. According the theoretical analysis, as the tube
is fully crushed, angles φ1 and φ2 drawn in Fig. 7(d) and (e), re-
spectively, which determine the corner areas involved in panel in-
plane distortion, should satisfy

⎪

⎪⎧⎨
⎩

φ ψ
φ ψ

= =
= = ( )

∘

∘

45

31.95 37

1 1

2 2

However, φ1 and φ2 measured from the model in Fig. 8 are
approximately 68° and 58°, respectively. This means that the in-
plane distortion considered in the theoretical analysis is larger
than that actually occurs in the numerical model, resulting in the
overestimation of the theoretical mean crushing force. Using the
numerically determined values of φ1 and φ2 to modify the theo-
retical calculation, which can be easily achieved by replacing the
upper limits of integrals I5 and I6, ψ1 and ψ 2, with those numerical
values, respectively, the modified Pm

t2 are calculated and also listed
in Table 3. A good agreement between the modified theoretical
results and numerical ones is now obtained, with the largest dif-
ference below 5%. Therefore it can be concluded that the modified
semi-analytical approach is able to predict the mean crushing
force of the origami tubes collapsing in the non-rigid complying
mode reasonably well.
5. Conclusions

In this paper, a kite-shape pattern which is constructed by
joining two pieces of Miura-Ori pattern, has been introduced in
the design of thin-walled tubes with the aim of developing a high
performance energy absorption device, and the quasi-static axial
crushing behaviors of the new origami tubes have been studied



Fig. 8. Measurement of φ1 and φ2 in k-4-156.
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numerically and theoretically. It has been found out that by
properly selecting pattern geometry, two collapse modes, i.e., the
rigid complying mode, and the non-rigid complying mode, can be
induced by the pattern. In the case of non-rigid complying mode, a
reduction in initial peak force by 56.5% and an increase in specific
energy absorption by 29.2% are achieved in an optimum origami
tube in comparison with those of conventional square tubes, re-
spectively. And a very smooth response curve is also generated in
the same design, which makes the new device a good candidate as
an energy absorption device.

A parametric analysis has been conducted to investigate the
effects of the pre-folding angle and the number of units in an or-
igami tube on its collapse mode and energy absorption perfor-
mance. It has been found out that the designed mode is triggered
within a certain range of the two parameters, and both peak force
and specific energy absorption increase with them. When the two
parameters exceed the range, the pattern will no longer be fol-
lowed. This would make the deformation of the tube less pre-
dictable, which is not desirable for an energy absorption device.

The deformation mechanisms of the two collapse modes have
also been investigated theoretically, and a mathematical formula
has been derived to estimate the mean crushing force for each
mode. Reasonable agreement between theoretical results and
numerical ones are obtained, especially in the case of non-rigid
complying mode.

A series of static and dynamic axial crushing tests are being
conducted and the results will be reported in due course. More-
over, in the theoretical analysis of those origami tubes collapsing
in the non-rigid complying mode, the amount of in-plane distor-
tion needs to be measured from numerical models in order to
achieve a satisfactory estimate of their energy absorption cap-
ability. A theoretical quantification of this part of deformation,
among other possible factors to cause the disparities between
numerical results and theoretical ones, will be part of our future
work with the support of experimental results.
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